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We show that with respect to a certain class of norms the so called
shortest lattice vector problem is polynomial-time Turing (Cook)
reducible to the nearest lattice vector problem. This gives a little
more insight in the relationship of these two fundamental problems
in the computational geometry of numbers.
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1 Introduction

Throughout this paper let R” be the real n-dimensional vector space equipped
with a norm fg(+), where K is the gauge-body of the norm, i.e.

K={zer": fr(z) <1}

K is a centrally symmetric convex body with nonempty interior and fg(-) is
also called the distance function of K because fx(r) = min{p € RZ? : x €
pK}. The Euclidean norm is denoted by fg(-), where B is the n-dimensional
unit ball, and the associated inner product is denoted by (-,-). Finally, we
denote by C' the cube with edge length 2 and center 0, and thus fo(-) denotes
the maximum norm. As usual we denote by [z] the smallest integer not less
than x € R.

Let b',...,b" € Q" be n linearly independent vectors. The set

A:{xEQ”:x:Zzibi,ziEZ,1§2’§n}
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is called the lattice generated by the basis b',...,b".

Now, the shortest lattice vector problem with respect to a norm fg(-) —
SVP x— is the following task (cf. [5]):

SVPg: Let A C Q" be a lattice given by a basis b!,...,b". Find a lat-
tice vector b € A\{0} with minimal distance to 0, i.e. fx(b) =

min{ fx(w) : w € A\{0}}.

The length of a shortest nonzero vector of a lattice A with respect to a norm
fx(+) is denoted by Ak (A).

The nearest vector problem with respect to the norm fx () — NVPg —isin
a certain sense the inhomogeneous counterpart to SVP:

NVPg: Let A C Q" be a lattice given by a basis b!,...,b" and let
v € Q". Find a lattice vector ¢ € A with minimal distance to
v, Le. frx(c—v)=min{fx(w —v):w e A}.

Observe that in the SVP i we are looking for a nonzero lattice vector, whereas
in the NVPg the zero vector is a solution for all sufficiently small vectors v.
Geometrically speaking the NVPy is the task to find a lattice point ¢ such
that the given point v is contained in the honeycomb ¢+ Hg (A), where Hg (A)
is given by:

Hg(A) ={z eR": fx(z) < fx(x —w), Yw € A}.

Hp(A) is a centrally symmetric ray set, i.e. if x € Hg(A), then pxr € Hg(A)
for all p with —1 < p < 1. In the Euclidean case, but not in general, Hx (A) is a
convex set. Moreover, it is easy to see that the inradius of H (A) with respect
to fx(-) is one half of the length of a shortest lattice vector. Analogously, the
circumradius pg(A) of a honeycomb is equal to the so called inhomogeneous
minimum of A and fx(+) (cf. [6]), which is defined as the maximal distance of
a point to the lattice, i.e. px(A) = maxyegn mingep fx(w —y) = max{fx(z) :
x € Hg(A)}. Thus

AKQM)K C Hy(A) C ux(MK. (1)

It is known that the nearest vector problem is A"P-hard for the norms fz(-)
and fo(-), see VAN EMDE BoAs [3] and KANNAN [7]. Probably the shortest
vector problem is also NP-hard, but up to now this has only been established
with respect to the maximum norm (cf. [3]). The purpose of this note is to
prove that for a certain class of norms SVP g is not harder than NVP g



Theorem 1.1 Let A C Q" be a lattice given by a basis b, ..., b" and let fx(-)
be a norm with the property that

fe(x) < fx(x) < fp(x), z€R" (2)
With polynomially many calls to a subroutine solving NVPy and polynomial
additional time we can solve SVPx.

At a first sight this class of norms appears to very special, but for example all
p-norms |z|, = (X7, |;|P)Y/? are part of this class for p > 2.

We assume that the function fx(-) is computable in polynomial time. The

input size of our problem is given by the input size of the vectors b', ..., b"

For detailed information about complexity and numerical computation we
refer to the book [5] and for notation concerning lattices we refer to [6].

Finally, we note that (2) is equivalent to B C K C (', and thus implies that

fe(x) < fr(r) < fB(2), (3)
fx(e) =1, 1<i<n, (4)

where e denotes the i-th unit vector.

2 Proof of Theorem 1.1

Now we state an algorithm which reduces the problem SVP to NVPg. Since
the algorithm works inductively the input is given by an m-dimensional lattice
A embedded in R", where we assume m > 1. Otherwise it is trivial to compute
a shortest nonzero lattice vector. The linear hull of A is denoted by lin(A).

Procedure SVP g by NVP:

Input: An m-dimensional lattice A generated by the basis b'..., 0™ € Q"
and a norm fx(-) on R” such that (2) is satisfied.

Output: A shortest nonzero vector b of the lattice A with respect to fx(-).

(i) With respect to the Euclidean norm find an “almost” shortest nonzero
lattice vector b* in the polar lattice

A ={z€lin(A) : (z,w) € Z, Vw € A}



of A by calls of the subroutine NVP i.e. find a primitive vector b* € A*
such that
f5(b)

Ap(A*) > o (5)

(i) Find a basis b',...,0™ of A such that
O 0)=0,1<i<m-—1, and (b"b0") =1 (6)

(i) Let H; = {x € lin(A) : (b*,x) = i}, i € Z. For 1 < i < |2n%2.m]
find a shortest lattice vector 4™ in the affine hyperplane H, using the
subroutine NVP.

(iv) Let u™ be a lattice vector of minimal length among the vectors u™".

(v) Find a shortest lattice vector ™! in the plane Hy, by applying the proce-
dure SVPg by NVP[ to the (m — 1)-dimensional lattice A™~! generated
by the vectors b',...,b™ ! and the norm fx(-).

(vi) Let b be the shorter one of u™ and u™ . Then fx(b) = Ag(A).

Proof of Theorem 1.1 Without loss of generality we may assume A C Z".
First we prove the correctness of the algorithm. Obviously, a shortest lattice
vector of A is contained in U°, H;. It remains to show that it suffices to consider
the planes H;, 0 < i < [2n3/2m] By a result of BANASZCZYK [1] (see also
BOURGAIN & MILMAN [2]) we have Ag(A) - Ap(A*) < m. Since B C K by
(2) we have Ag(A) > Ag(A) and thus

On account of (5) we obtain

(7)

On the other hand we have for each vector y € H; that fg(y) > i/fp(b*) and
so (cf. (3))

fr(y) > m-

3/2

Hence for ¢ > [Zn . mw the length of a shortest lattice vector in a plane H;

is greater than Ag(A).

In the sequel we show how the single steps of the algorithm can be done.



Step (i):

Let ™" ... b" be an orthogonal basis of the orthogonal complement of
lin(A). Such a basis can be found in polynomial time via the GRAM-SCHMIDT
orthogonalization (cf. [5]). Let B be the matrix with columns b', ..., b". Then
the first m columns of the matrix (B?)~! form a basis of A*. Let the columns
of (BT)~! be denoted by b'*,...,b™ and let A* be the n-dimensional lattice
generated by b'x, ... b™ ob™ s . ob™ with

2n
min{ fp(b¥) :m+1<j < n}fB

()] +1 (8)

In what follows we construct a vector b* € A*\{0} such that (5) holds with
A* instead of A*, i.e.
i < /B0

Ap(A*) > oy " 9)

Then by the choice of o we will see that b* belongs to A* and thus the vector
satisfies (5).

Since the parallelepiped P* spanned by bl« ... b, ob™ s . ob™ generates
a lattice tiling with respect to A* the width w(P*) of P* is a lower bound for
)\B(A*) Now

w(P*) = min {1/ fp(®"), ..., 1/ fs(b™), 0/ fs (0" )0/ f(b")}

and so

/\B(f\*) >w(P)>~v:= min{ffgl(biﬂ’ 1<:< n}

With vy = 7/ [2y/n] we obtain for 1 <i <n (cf. (4))

i _ Ap(A*) k(A7)
fr(voe') = vy < NG < 5

(10)

Thus the vectors vge' belong to the honeycomb Hy(A*) (cf. (1)) and the
origin is the unique nearest lattice vector to vpe’. Moreover for v, = Y7,

[ fe(0")] + X0 i1 [ fB(0b™)] we obtain (cf. [6])

fi(vie) =1 > ; (i fre(0™) + i fK(Ubi*)) > p(A7). (1)

=1 i=m+1



Hence the vectors vje’ are not contained in Hy (A*). On account of (1) and
since H K(]\*) is a ray set the output of the subroutine NVP g with input A
and ve' is a nonzero lattice vector for v > 1. So by applying the subroutine
NVPy to the sequence of points 2¥vye?, k = 0,. .., we can find after at most
[logy (1) — logy(1p)] calls of NVP g a positive scalar ¢; with vy < ¢; < v and
a nonzero lattice vector v such that

eel € Hie(A*) and 2ee’ € v + Hy(A¥).

The last relation implies fx(2€;e! — v™*) < fx(2¢;e") and thus fx(v™*) < 4e;.
Now let ¢, = min{e; : 1 <i < n} and let b* = v**. In the sequel we show that
b* satisfies (9). For abbreviation we write € instead of €. On account of (3)
we get

f5(b") < dev/n. (12)

Hg(A*) is a centrally symmetric ray set and thus 4 - ¢! € Hg(A*). Hence

(cf. (4))

folee’) = € = fx(ee') < f(ee' —u") < fp(ee’ —u") (13)

for all lattice vectors u* € A*. That means that the vectors +eel, 1 < i< n,
are contained in the honeycomb Hp(A*) which is a convex set. So the width
of the cross polytope with vertices +e - ¢’ is a lower bound for Ag(A*):

Ap(A) >

Bk

Together with (12) we obtain

% fB(0")
Ap(A*) > .
(A7) 2 2n
Now suppose b* ¢ A*. Then by the definition of A* and o we have
fe(b*) > omin{fz(t’) : 14+1<j<n}>2nfg(b™) > 2n- Ag(A*)
which contradicts the choice of b*. Obviously, we may assume that b* is prim-
itive.

Step (ii):



In order to find a basis of A such that (6) is satisfied we first construct a
basis b'*,...,b™ of A* containing b*. Furthermore, without loss of generality
we may assume that the matrix M with columns b*,b%, ..., b™ has rank m.
Let A be the integer (m x m)-matrix such that M = B* - A, where B* is the
matrix with columns b, ..., b™*. It is well known that the HERMITE normal
form of a A can be computed in polynomial time (cf. [4], [8] or [10]) and thus
we can find an unimodular matrix U and an integer upper triangle matrix 7’
with A = U-T. Hence M = (B*-U)-T and the columns b'*,... 0™ of B*-U
form a basis of A*. Since b* is primitive b* is the first column vector of B* - U.
Now, let o™ .. b™ be an orthogonal basis of the orthogonal complement
of lin(A) and B* be the matrix with columns b'*, ..., o™ b™+1 b Then
the first m columns of (BT)~! form a basis of A such that (6) is satisfied.

Step (iii):

Obviously, H,NA ={x € A : 2 = Z;":_ll zib + ib™}. Hence, for i > 1 the
shortest vector problem in the plane H; is the task to find a lattice vector of
A™~1 which is nearest to —ib™. That can be done by applying the procedure
NVPg to the input vector —ib™ and a suitable n-dimensional lattice A. For
example, let g™, ..., ¢g" be an orthogonal basis of the orthogonal complement

of lin(A™~1) and let
fB(0™)

min{ fz(g7) : m < j < n}

X = [2vn][20%? - m] +1

We claim that a nearest lattice vector of the lattice A generated by b',. ..,
b g™, ..., xg" to —ib™ belongs to A™!. Suppose the opposite and let
20 o+ 2 DT 2 x g™ -+ 2, X 9" be a nearest lattice vector to —ib"
with some z; # 0, say z,, for m < 7 < n. Then fr(zbt + o 4 2 0™+
ZmXg™ 4 -+ zaxg"™ — ib') <idfg(b™) and on account of (3) we get

zlxfB(9") .. m
7’ | \/g( ) —ifx(b™)
1 . m—1 m .. n
S fB(Zlb + + melb \/%_ ZmXY + + Zn X9 ) . ZfK(bm)

< fr(zb + o 4 2 D™ 2xg™ e+ zaxg” — 0™ < ifr(b7).

It follows x < 2/nife(b™)/fr(g") < [2y/n][20%%-m] - fa(b™)/ f5(g") Which
contradicts the choice of y.

To analyze the encoding length of the numbers arising in the procedure let
(A) be the input size of the algorithm and let A® be the i-dimensional lattice
constructed in the (m — i)-th call of the procedure SVPx by NVP k. Further-
more, let b* be the “almost” shortest lattice vector of the appropriate dual



lattices A* constructed in step (i). Then det(A~1) = det(A7) fp(b*7) and by
(5) and MINKOWSKI's convex body theorem (cf. [5])

det(A7Y) = det(A?) f(bY) < det(A)2nAp(A™)
< det(A9)2n,/j det(A%) Y7 < det(A)2n - \/j.

So det(AF71) < det(A™)(2n)*™. Before we call the procedure SVP by NVP
we can make an LLL-reduction and obtain a basis ¢!, ..., ¢’ € Z" of AV with

(cf. [5])
Fa(c) - fu(d) < 27° det(A).

Hence, for each vector ¢/ we have the bound

Fu(d) < 2™ (2n)™ det(A™).

This implies that we can always find a basis of the lattice A/ whose input
size is bounded by O((A)?). Finally, it is easy to check that the numbers
arising in the steps (i)—(iv) of the procedure SVPy by NVPj are bounded
by a polynomial in the input size of the given basis at the beginning of the
execution of the steps (i)—(iv) (cf. [5]).

3 Remarks

The crucial point for the special choice of the norms given by (2) is relation
(13). For example, if fx(-) is the 1-norm, i.e., K is the cross polytope with
edge length /2 then, in general, it is not true that fx (e’ —u*) < fp(ee’ —u*).
Hence we do not know whether +ee?, 1 < i < n, are contained in H B(f\*) and
we can not show that b* is an “almost” shortest lattice vector as required in
step (i) (cf. proof of Theorem 1.1). On the other hand if K is an arbitrary
centrally symmetric convex body and if we have oracles solving NVP g and
NVPg, then SVPg can be solved in oracle polynomial time, because by the
subroutine solving NVP g we can easily find such an “almost” shortest lattice
vector. However, we believe that SVP is polynomial reducible to NVPg at
least for any p-norm.

The above algorithm works also for any norm fz(+) for which an affine trans-
formation L exists such that B C LK C C because fz(r) = fg(L™ ).

Finally, we remark that in the Euclidean case the problem to find a KORKIN-
ZOLOTAREV reduced basis of a lattice is polynomial reducible to the shortest



lattice vector problem SVPg (cf. [9]). By Theorem 1.1 we obtain that this
problem can also be reduced to NVPg in polynomial time.
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